Abstract-In this paper, we establish a simple model for the exchange of messages in a vehicular network and we consider fundamental limits on the achievable data rate. For a vehicular network, the exchange of data with other nearby vehicles is particularly important for traffic safety, e.g. for collision avoidance, but also for cooperative applications like platooning. These use cases are currently addressed by standards building on IEEE 802.11p, namely ITS-G5 and DSRC (dedicated short range communication), which encounter saturation problems at high vehicle densities. For this reason, we take a step back and ask for the fundamental limits for the common data rate in a vehicular network. After defining a simple single-lane model and the corresponding capacity limits for some basic multipleaccess schemes, we present results for a more realistic setting. For both scenarios, non-orthogonal multiple-access (NOMA) yields the best results.
I. INTRODUCTION
Vehicular communication is of increasing relevance for current and future Intelligent Transportation Systems (ITS) and at the same time it is a particular communication environment which is distinct in many aspects from well established broadcast or cellular systems [1] , [2] , [3] , [4] . One of many possible classifications is to distinguish two classes according to their communication range and their latency constraints:
• Cellular vehicular communications includes connections from any vehicle to a specified other vehicle without limitations in range as well as connections from vehicles to the Internet, in particular to server or cloud based systems. Among the many applications, we may mention navigation, entertainment, maintenance and the prevailing technology is naturally a cellular communication system like 3G or LTE.
• Direct short range communication targets mainly safety applications like collision warnings and is characterized by direct V2V communication without the need for additional infrastructure and by stringent delay constraints.
Other typical applications include the support for platooning and the typical technology is ITS-G5 or DSRC which are both based on IEEE 802.11p. More recently, this type of communiations is also addressed by LTE V2X by applying a D2D mode, and it naturally is considered for the upcoming 5G system [5] , [6] , [7] , [8] .
In this paper, we focus on the latter communication scenario, taking a fundamental approach to evaluate the achievable data rates for the particular scenario of V2X communication, which differs in some central aspects from cellular, broadcast or WLAN networks. For recent developments, in particular for the evolution of cellular networks to include vehicular communications, we refer to the recent excellent descriptions by Masini [7] and Di [8] . These papers mainly focus on V2X communication as a part of 5G, while we take an infrastructure-free approach which shares the requirements and usage scenarios of IEEE 802.11p networks.
We first recall the fundamental results for the multipleaccess channel, use them to establish a simplified single-lane model and finally present results for a more realistic multiplelane model.
II. SYSTEM MODEL
Before we define a specific model for V2X communication, we recall the basic ingredients of channel models for cellular networks.
A. Path loss model
The main effect of the channel on wireless communications is the path loss, which can be described as a deterministic function of the distance d between transmitter and receiver and the path loss exponent which accounts for the particular environment. The simplified path loss model is given by
where g 0 is the attenuation at the reference distance d 0 and might be given by measurements or by the Friis equation for free space propagation, i.e.
where G rx , G tx denote the antenna gains and = c fc is the wavelength at the carrier frequency f c .
B. Multiple-Access Schemes
In vehicular communications, each vehicle receives messages from multiple other vehicles. In information theory, this is described by the K-user Gaussian multiple-access channel (MAC), for which the received signal is given by
This model takes into account the path loss (1) and AWGN but does not consider further effects like multipath propagation, shadowing or the Doppler effect. We assume that all users (vehicles) apply the same constant transmit power
and denote by N 0 the noise power. The SNR of user k is then given by
We first recall the achievable rate regions with the optimum and two common sub-optimum multiple-access schemes [9] , [10] .
1) Orthogonal Multiple-Access: With orthogonal multipleaccess, including TDMA, FDMA and orthogonal CDMA, the rate region is defined by
for k = 1, . . . , K.
2) Superposition without Successive Interference Cancellation (SIC): This scheme, which in [9] is called "conventional CDMA" does not separate the K users in time, frequency or code, i.e. they are superposed in a non-orthogonal way and at the receiver side, each user is decoded separately, a.k.a. single-user detection. This leads to the rate region with the SNRs given by (4),
3) Superposition with Successive Interference Cancellation: The optimum scheme also applies non-orthogonal superposition at the transmitter, but in addition uses SIC at the receiver. The maximum rate region is also called the capacity region and is defined by the following set of 2 K inequalities,
for all subsets K ⇢ {1, 2, . . . , K}. For K = 2, this is the well-known pentagon. This non-orthogonal scheme, although well-known in information theory [10] , has received renewed interest for practical implementation in 5G, where it is known as NOMA [8] , [11] . 
C. Common Rate
One of the main differences between the K-user MAC and a vehicular network is that for the latter, it is not obvious how to define the number of users. Since the network is not limited nor there is something like an active user group, the number of users is in principle unbounded.
Secondly, in a vehicular network, each vehicle is both receiver and transmitter and there is no equivalent to an "access point" or a "base station". Therefore, due to symmetry, all users have to transmit at the same rate and we cannot assume a centralized coordination of the users. The concept of the symmetric rate, as typically used for the MAC [9] and which includes scheduled time sharing between users, is not applicable. This leads us to the concept of a common rate, which is the achievable rate for all users without any previous scheduling.
III. SINGLE LANE MODEL
The simplest model for a vehicular network arranges all users in one dimension, corresponding to a single lane of vehicles. While all users are both transmitters and receivers, we focus on the receiver part of one vehicle. This means that we are implicitely assuming full duplex communication. While this is not completely unrealistic, this assumption should not be forgotten for the interpretation of the results and the expected gap to practical schemes. The single lane model in Fig. 1 assumes a constant intervehicle distance a, which leads to a path loss at distance n · a of
A. TDMA
For orthogonal multiple-access (OMA), we may assume that the radio resources are divided into time slots, e.g. by selforganizing TDMA or by using GPS as a common clock [12] . Within a distance of n · a, there are 2n + 1 users, including the receiver, and since there can only be one common rate, this rate is limited by the weakest user at distance na. The users outside distance na reuse the same time slots and contribute the total interference power of where we applied (8) and the Hurwitz zeta function
This generalized zeta function, while being one of the most intricate functions in number theory, is for the typical range of the path loss exponent and for integer m a well-behaved function which is monotonically decreasing both in and in m, as can be observed in Fig. 2 . Being P N,n in (9) the total interference power with all users transmitting simultaneously, TDMA divides the interference roughly equally among the time slots. With this (optimistic) consideration, we can approximate the common rate with TDMA for a "radius" of n vehicles by
The latter approximation, which holds for small n since N 0 ⌧ g 1 P , is remarkable since it only depends on the path loss exponent and the number of vehicles to be decoded, but not on the inter-vehicle distance a or the transmit power P .
B. Superposition without SIC
For non-orthogonal superposition, all users except one are interfering. The total interference power is then
where
The SNR for the vehicle at distance na is therefore
and the corresponding common rate is
The subscript CDMA refers to non-orthogonal CDMA with single user detection ("conventional CDMA"). Since, without SIC, the total interference power is typically much greater than the noise, i.e. g 1 P N 0 , we obtain a simple, yet accurate approximation for the rate of superposition coding without SIC:
C. Superposition with SIC: NOMA For successive interference cancellation, the natural decoding order with all users transmitting at the same rate is to start with the strongest, i.e. nearest user. For the nearest user, all others are interfering, in particular the other user at the same distance, which leads to the SNR
The second user, being at the same distance and transmitting at the same rate, can be easily decoded after SIC of the first user. Following in this order, the SNR for the first user at distance 2a is
More generally, the SNR for the first user at distance d = na, after the interference of all nearer users has been cancelled, is
This expression for ⇢ n as well as (11), (15) are remarkable since the only technical parameter is the noise to interference ratio N0 g1P , i.e. the noise power divided by the interference of the closest user.
The SNRs according to (19) are plotted in Fig. 3 for a noise to interference ratio of N0 g1P = 3 · 10 4 , i.e. 35 dB. We observe that the SNR is decreasing with the distance, which is not surprising, but it is not a monotonically decreasing function w.r.t. the path loss exponent.
Since the common rate is determined by the user with the lowest SNR, for non-orthogonal superposition with SIC, the rate is
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D. Numerical Results for Common Rates
We numerically evaluate the capacities for the three schemes with the following parameters, which are typically adopted for IEEE 802.11p.
With these values, we obtain for the noise to interference ratio The numerical results are plotted in Fig. 4 , where we can see that superposition coding with SIC, i.e. NOMA is superior in all cases and is also least affected by different path loss exponenents. TDMA performs only slightly worse, while superposition without SIC (conventional CDMA) achieves the lowest rates, in particular for a high path loss exponent.
IV. MULTIPLE LANES For a more realistic setting, we place the vehicles in multiple lanes as depicted in Fig. 5 . We note that for truly realistic results, many aspects like channel estimation and synchronization, apart from practical coding and modulation, have to be considered. These aspects have been addressed for massive machine-type communication, which shares some of the practical hurdles like initially unknown users and channels [13] , [14] , [15] .
For the simulation in this section, we place 1110 vehicles in 11 lanes, which are spaced b = 3.5 m apart and we add a random uniform displacement of ±10% in each direction. In addition to the deterministic path loss, we add shadow fading 
For TDMA, we assume that the group of K + 1 vehicles, including the receiver, shares the time slots equally and that perfect synchronization has been achieved. On the other hand, since users are placed in multiple lanes, all users outside this group are assumed as interferers. This leads to the rate
B. Superposition without SIC
For conventional CDMA, we have to consider the interference of all users except one. The common rate is then determined by the weakest user of the group, i.e. user K, and the rate is
Note that this is accurate as long as N v K, i.e. the group of decodable users is much smaller than the total number of vehicles. With the ordering (22), the decoding order is established and the SNR of the k-th user after SIC of all previous users is
These SNRs are not necessarily ordered in the same way as g k , i.e. ⇢ k is not necessarily decreasing with k. Since the common rate is determined by the minimum SNR after SIC, we obtain the following rate
D. Simulation Results
The results for the more realistic channel model are shown in Fig. 6 , where we can observe a much better performance for conventional CDMA than in the single-lane model. On the other hand, TDMA performs significantly worse due to considering all users outside the synchronized user group as interferers. For TDMA, it should be noted that these rates do not consider any required overhead for signalling to achieve self-organized synchronization and therefore should not be understood as an achievable data rate.
The rates for NOMA, on the other hand, are again clearly superior and quite similar to the single-lane model. The reasonable performance of conventional CDMA is actually a benefit for NOMA since both schemes are identical on the transmitter side and differ only in the application of SIC at the receiver side. While there are many practical aspects to be addressed, this suggests the possibility for defining superposition at the transmitter side and allowing for different receiver strategies.
V. CONCLUSION
We considered fundamental limits on the data rates for direct data exchange in vehicular networks, which can neither be described as an all-to-all broadcast network nor as a multipleaccess channel. For a canonical single-lane model, compact expressions for the achievable common rate have been derived. We obtained similar results for the common rate in a more realistic multiple-lane model including shadow fading. For all cases, superposition coding with successive interference cancellation, recently also known as NOMA, achieved the best results.
